An approach to renormalization on the n-torus
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The coding theory of rotations (by inspecting closely their relation to flows) and the
continued fractions algorithm (by considering even two-coloring of the integers with a given
proportion of, say, blue and red) are revisited. Then, even n-coloring of the integers is
defined. This allows one to code rotations on the (# — 1)-torus by considering linear flows on
the n-torus and yvields a simple geometric approach to renormalization on tori by first

return maps on the coding regions.

l. INTRODUCTION

“Universality,” also called “rigidity” or “geometric ri-
gidity,”!
ization group theory applied to dynamical systems.”* Uni-
versality occurs in dynamics when some topological types
of recurrent orbits (the complete list of which is not yet
known) exist in the presence of enough smoothness. [In a
slightly more general context, rigidity means in fact that
topologically (or, e.g., homotopically) identical objects are
also geometrically similar under some structure hypothe-
sis.] Even when restricting our studies to dynamical prob-
lemns, it is not clear how many of the universality properties
can be understood in the framework of renormalization.
Renormalization might often be seen as a sophisticated
way to speak about quasi-self-similarity, where the “quasi-
ness” may change either according to context or to taste.
Hence, universality occurs when metric (quasi) self-simi-
larity is obtained upon measuring objects that present the
same kind of topological self-similarity.

When dealing with dynamical systems, it is usually
easier to formulate a (topological) renormalization scheme
at the level of continuous maps or at the level of a typical
family of maps with the topological dynamics of interest.
This has some intrinsic applications (e.g., the description
of the boundary of positive topological entropy) and is a
necessary step in understanding the role of the smooth
structure, i.e., before addressing the universality problem
per se. The types of recurrence that are now understood in
this context are rotations on the circle* or the p-adics,! ™S
as well as generalizations of the latter in the form of auto-
morphisms on trees.” Thue-Morse sequences and some of
their generalizations have also been considered.® Here, we
sketch our first sieps toward developing a renormaiization
group theory for rotations on tori of arbitrary dimension.
Although our arguments are mathematically elementary,
they involve graphical and combinatorial constructions,
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is certainly the most striking aspect of renormal- '
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which the interested reader is urged to work out for him-
{her)self.

1l. LINEAR FLO‘W’S IN R? AND FOUR ROTATIONS
THEY SUSPEND '

Let F, be an oriented foliation of the real plane R? by
straight lines (i.e., a decomposition of R? into oriented
parallel straight lines called Jeaves in this context) that are
chosen as neither horizontal nor vertical to simplify the
discussion. Such an F, is determined by the angle that
gives its direction and is induced by the flow of the con-
stant vector field with vector V, = (1,a), > 0. Here, F,
and V, can be considered as lifts to R? of a foliation #
and a vector field %7, on the two-torus T? = R*/Z2, Lifts
of the simplest sections of the torus are furnished by the
families of horizontal unit intervals,

Lymn={(xp} | m<x <m + Ly=n},

and vertical unit intervals,

I n={(xp) | x=mnu<y<n+ 1}

Let [x] stand for the integer part of x, and {x} for its
fractional part. It is immediate that the next horizontal
unit interval crossed by the flow line starting at (m
+ x,n) E I};,m,rv O<x <1, is Ih,m + /o +x)u+ 1o and that the
crossing will take place at the point (m + I/ + x,n
~+ 1). This means that the flow induced by #7, is a sus-
pension of the rotation Ry, on the standard circle
T = R/Z with length 1. For later use, we remark that the
closed leaf segment in between two consecutive horizontal
crossing contains either [1/a] or [1/a] + 1 vertical cross-
ings. Similarly, consideration of the vertical segments
yields that the flow induced by #7, is simuitaneously a
suspension of the rotation Ry,;.

In order to obtain another pair of flows, consider the
lattice of horizontal and vertical lines joining all points of
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FIG. 1. Constructions for the third and fourth maps suspended by a linear
flow.

Z2? as a union of descending “staircases” with generic step
composed of the union of I I, + 1,, — | and the joining
point (m + 1,n). Fix an “origin” on each of these infinite
staircases in such a way that all origins are aligned, parallel
to the vertical axis, and at a distance one apart of each
other. (Note that in the ¢ase in which the origins lie on the
horizontal part of the step, the second condition is auto-
matic,) Now project each staircase with its marked point
along the foliation F, onto a straight line transverse to F,,
and choose the length of the image of a single step as the
unit length of the image marked line (see Fig. 1). Each
horizontal segment of a step projects to a segment of length
a/(1 + ), while vertical segments have projections of
length 1/{1 + «). The marked straight lines are ordered
along the flow lines, and their orientation is chosen so that
moving to the right increases the coordinate. If each
marked straight line is identified with the next one so that
the marked points are matched together, then the flow
induced by 77 is furthermore a suspension of the rotation
Riis¢1+ a3 On the other hand, the flow induced by #7,
may also be viewed as a suspension of the rotation
Riar(1 + ey} DY choosing the origins on the staircases so that
they align horizontally, and by reversing the orientation on
the image straight lines.

At this point, the stage is set to present a way to think
about renormalization of rotations on the circle and gen-
eralizations to higher-dimensional tori. However, we first
invite the reader to a detour, mainly because there is a
well-developed theory of coding for rotations on the
circle,%'* which allows an alternate approach to renormal-
ization® as sketched in Sec. V. So we shall pause a moment
to describe (Secs. III and IV) this coding theory which has
its own interest and which we shall also generalize to
higher dimension.

lll. EVEN TWO-COLORINGS OF THE INTEGERS AND
CONTINUED FRACTIONS

For the sake of brevity, we shall consider here only
rational ratios: As usual one can compute formulas from
combinatorics in the rational case and use them afterward
in the real case by continuity (see, e.g., Ref. ). Thus let ¢
and & be two positive coprime integers. Consider the prob-
lem of coloring “as evenly as possible” the lattice of inte-
gers with colors blue and red so that in the mean, there are
“@*blue points.for every “4” red ones. To make the prob-
lem even more concrete, try to place evenly “a” apples and
“b” oranges on a circle. There is an iterative way to achieve
such a distribution, by successive approximations, which
also will serve as a precise definition of optimal evenness.
Furthermore, in doing so, the algorithm will give succes-
sive approximations to the proportions of each fruit which
are the convergents of the respective continued fractions. It
goes as follows, assuming that a < b:

Step i:1-1: “grouping.” We have two groups of objects: (i)
a first group made of b blocks of one orange, and (ii) a
second group made of ¢ blocks of one apple.

1-2: “approximation.” Consider the proportions in any
block of the first group, and get: (i) a proporiion of 0/1
apples and (ii) a proportion of 1/1 oranges.

Step 2: 2-1: “grouping.” We form two groups of objects: (i)
a first group made of a blocks, each composed of one apple,
followed to the right by as many oranges as can be distrib-
uted evenly to @ apples, i.e., [6/a] oranges, and (ii) a sec-
ond residual group made of the residue # mod a{ = b,)
blecks of one orange.

2-2: “approximation.” Consider the proportions of
each fruit in any given block of the first group and get: (i)
a proportion of 1/{1 + [b/a]) apples and (ii) a proportion
of [6/a)/(1 + [b/a]) oranges. If

1 a
1+ [6/a) a+ b’
then
{b/a] b

1+ [b/a]l a+b

Also, in this case we are done and we can place our apples
and oranges on the circle, having learned nothing. So, let
us assume that a==1, and describe the following generic
step. .

Step 3: 3-1: “grouping.” We form two groups of ob-
jects: (i) a first group made of b, blocks, each composed of
one orange, followed to the right by as many blocks of one
apple and [5/a] oranges (i.e., blocks from the previous first
group) as one can distribute evenly to &, oranges, and (i)
a second group made of the remaining a; blocks of one
apple followed by [b/a] oranges. ¢

3-2 “approximation.” Consider the proportions in any
block of the second group, and get: (i) a proportion

[a/b,]
L+ {a/b,] + [a/b,}-[b/a]
of apples, and (ii} a proportion
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FIG. 2. Construction of an even distribution of 3/11 of apples and 8/11
of oranges on the line,

1 + [a/b,] [b/a]
1+ [a/b,] + [a/b,])-[b/a]

of oranges.

The process continues in this fashion. Note that at
each stage the second “residual” group will be composed of
fewer blocks than the first group. If the residual group is
composed of more than one block, then distribute the
blocks of the first group over those of the second to form a
new first group and new residue. If at some step the second
group is a single block, then the next step is the last one
and consists in putting the entire first group to the right of
the second. As a small picture is often better than an ob-
scure description, we illustrate this process in Fig, 2.

There are two main remarks to be made about the
algorithm described above. The first is about raw numbers:
The above algorithm amounts to computing simulta-
neously the continued fraction expansions of a/(a + b),
b/{a + b), and (necessarily} a/&. As we mentioned earlier
the general continued fraction algorithm follows by conti-
nuity. The second remark explains the connection to dy-
namics and is postponed to the next section.

In Sec, VI, we shall reinterpret the two-colorings just
consiructed in a way that allows us to propose a general
definition of even n-coloring for any n>0. We recently
came across a paper by Smith® examining a particular case
of the even two-colorings as defined in Sec. VI. For an
alternative approach to even two-coloring, we refer to Ref.
9.

IV. BACK TO ROTATIONS

We shall recall here some simple definitions and facts
about the symbolic dynamics of rotations. An important
piece of this theory can be formulated as a renormalization
analysis that will be presented in Sec. V.

The symbolic dynamics of rotations goes back to Hed-
lund and Morse' (see also Ref 11 for complementary
information). It is remarkable that equivalent arithmetic
problems were solved by Jean Bernoulli'? and Markoff,'®
and independently by Chrlstoﬁ‘el 14 and again in the afore-
mentioned paper by Smith.®

When considering the rotation Ry with angle B, the
circle is split into two half-open segments, a blue one of
length 3, and a red one of length 1 — B. Define the address
of a point as O if it belongs to the red part, and 1 if it
belongs to the blue part. Since rotations are invertible
maps, it is convenient to define the orbit of a point x as the
set {Rg"(x)}nez. Then the itinerary of a point is the or-
dered sequence of addresses of the points {Rg"(x)},cz.

Equivalently, if # = 1/(1 + ), consider the third type
of suspension described in Sec. IL Follow both forward
and backward the flow line through a point of coordinate x
in any tilted line, and write down a ¢ for any crossing with
a horizontal segment, a 1 for any crossing with a vertical
segment. The second remark related to apples and oranges
is that the sequence of 0’s and 1I's corresponding to itiner-
aries of rotations are distributed as evenly as possible. No-
tice that in the case of a rational angle, there is a single
symbolic orbit, up to a shift. In the case of a rotation with
an irrational angle, there is a single closure for the sym-
bolic orbit in the shift space.

ar FaY 1}

iON

. RENORMALIZAT

Any symbolic orbit of a rotation can be written with at
most two types of blocks of symbols in many different
ways. For example, we may rewrite it as a sequence of
blocks of the form 01" and 01* + !, where n depends only on
the rotation number 8. If 8 < 3, then # = 0.

To describe renormalization in a way that uses the
symbolic theory, split a sequence into blocks by cutting it
before each 0. To form a second symbolic sequence now
replace the blocks 01" by 0 and the blocks 01" *+! by 1. If
£ = 1/(1 4- ) then the new seguence is in fact a symbolic
sequence for the rotation with angle {1/a}. By definition
this rotation Ry, is obtained by renormalization from
Rp, since it can be obtained from Ry by taking an induced
map. More precisely, in this case the inducing region (i.e.,
the place where we take the first return map) is the red
segment. If the original rotation Rz corresponds to the
third suspension constructed in Sec. II, then the renormal-
ized rotation Ry, is simply the first suspension,

By using a different grouping and the symbols and
renaming scheme, the code for the rotation R, can be
obtained (an exercise we leave to the reader). This rotation
can also be obtained from Rg by renormalization, the in-
duction being done this time on the blue segment. Thus,
reconsidering what was done in Sec. II, one can say that
the same flow suspends two rotations together with two of
their renormalized maps.

Note that a further block decomposition of the sym-
bolic sequences would also yield the more commeon trans-
formation x— {1/x} on rotation numbers, after proper re-
naming of the blocks by 0 and 1. This is precisely the

CHACS, vol. 1, No. 1, 1991

Downloaded 05 Dec 2007 to 165.230.181.3. Redistribution subject to AIP license or copyright; see http://chaos.aip.org/chaos/copyright.jsp



28 Rockmore et al: Renormalization on the n-torus

Gauss map, ie., the truncation of the continued fraction
that was used in the original papers on rencrmalization for
circle maps.*® For generalities on the relationship among
symbols, induction, and renormalization, see Ref. 6.

VI. EVEN n-COL.ORING

For n = 2, an even two-coloring of Z has been defined
in Sec. II1, in fact merely by the method proposed to gen-
erate it. Let us then remark that the way to distribute
evenly a apples and b oranges around a circle when wor-
rying only about their mutual order, can also be described
as follows: place all apples at a distance 1/a apart on one
circle; place all oranges at a distance 1/8 apart on a second
circle of same size; superimpose the two circles in such a
way that no apple is in the same place as an orange, form-
ing an apple and orange circle.

For n =3, continue the algorithm as follows. If you
have ¢ bananas, place them around a third same circle at a
distance 1/c apart. Next superimpose the banana circle to
the apple and orange circle, in such a way that no two
fruits are exactly at the same place. What you have gener-
ated is by definition an even three-coloring, and the way to
generalize to n-coloring is now obvious. It is also an easy
property to show that for an even n-coloring with #> 2,
any (# — 1)-coloring obtained from it by erasing all points
of any single color is also even. Similarly, all two-colorings
induced from an even n-coloring by erasing n — 2 colors

S0a e TIVT bl naen b ncladda
L CllidlaclClidLic

are even. Unfortunately, these are N
properties.

A main difficulty is that there are many even n-color-
ings for r>2. In the case of irrational proportions, you
proceed the same way. Now, however, you have to do it on
the universal cover: place infinitely many fruits on the real
line with a spacing inverse to the proportion of that fruit.
An example of a complete list of even three-colorings with
the same proportions is given in Fig. 3. We have chosen to

nge cfrnighf lines instead of circles (1' e, the universal cover

© OiRINRAL RRiaNad AAASALENE UL VAL AAaUD (1.Uey VARG WHIL Y wa O WUV

version) to illustrate our rational example in Fig. 3.

In the case of n irrational proportions with no mutual
rational relations, it is in fact a consequence of our theory
that any two even n-colorings with the same proportions
have shifts that are arbitrarily close to each other.

Vil. CODES AND RENORMALIZATION FOR
ROTATIONS ON THE n-TORUS

In order to code rotations on T", we need to split the
torus into regions that will define addresses, generating a
coding so that the rotation vector can be recognized as in
the case of the circle. We obtain such splittings by using
the most obvious generalization of the construction re-
ported in Sec. II. More precisely, we start from a linear
flow in R"* 1, and split the lattice of hyperplanes with
integer coordinates into staircases. By projecting along the
flow direction on a transverse hyperplane, assuming that
all coordinates of the vectors of the vector field are positive,
we then get tilings of R” which are characterized by the
volumes of the tiles. All tiles are semiopen parallelepipeds,
i.e., affine copies of {x,"-'x,| 0 < x; < 1 for Igi<r}. An

aa

Th ,
propor:ions: bbb @
cecee € QL L
me S 6 6 6 & & 8
tools:

CLLLLLLLLLL LA
e € ELE AR QUL (R €0

ca ¢b cach ¢ bea cb ¢ acb ¢ bea ch eve

.....
S

Ko lhaldoncnd

cacbeacbheb
becbhbeabeca
bcchacbcecac

The full bcabechace
list: bcecbacbcecea
bcabccbcecac
bachcchbacc
accbecacheb
acbecabcebe

15 3
Symboli
representation
of the codes.

FI1G. 3. Construction of an even distribution of 2/10 apples, 3/10 oranges,
and 5/10 bananas on the line. -

example is given in Fig. 4. This gives tilings of #-dimen-
sional tori by splitting R” in parallelepipeds of unit volume,
which correspond, up to orientation, to elements of
Gl(n,Z).

We have the following result by merely formalizing the
discussion presented above.

Theorem: Let 4 = (ay,...,a,), with § = 27_;|a;]

e 1andN <1 41 -1 la o vantmeio I AL L. nen alace ans 0
£ 1aNdV sj 4y & 1 0€AVECLON i1l I, MM 0€ ail C1ICmeEnt o1

Gl(n,Z), L, be the image of Z" in R” under M, T3, be

FIG. 4. Typical tiling achieved by projecting a staircase in R® on a plane.
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R"/L,; with ), the associated projection, and R 4 3y be the
rotation on T}, whose lift to R” by my, is x> x -+ 4.

Assume A is orthogonal to m axes of R", where
O<m<n. Then there exists a splitting of Tj, into
p=n -+ 1 — m semiopen parallelepipeds Py such that: (1)
after proper identification of pairs of faces, the first return
map in each P, is a rotation of T?. (2) The P.'s serve as
coding regions for R, so that any code for a point in a
P, is an even n-coloring with proportions

n
|@p| s |@nls 1 — '21 lad.
i—=

A main consequence of (1) above is that rescaling the
first return map yields a renormalized map in a sense that
generalizes what is usually done (sometimes with a dif-
ferent point of view) in the cases of period doubling and
circle maps.® A previous approach to renormalization on
two-tori was announced in Ref. 15, One advantage of our
point of view is that it does not require any preliminary
knowledge of simultaneous Diophantine approximation, a
general theory much less complete than Diophantine ap-
proximation of a single irrational number. This arithmetic
deep difficulty does limit applications of renormalization
methods whose formulation is based on number theory.

The condition S<1 in the Theorem is irrelevant in di-
mensions # = 1 and r = 2, since for instance any a; with
@;>1/2 can be replaced by 1 — &; to represent the same
rotation. It is shown in Ref. 16 that in higher dimensions,
if §> 1 for the shortest vector representing the rotation,
one can either iterate the map until the vector satisfies S<1,
or give up the splitting of the torus into renormalization
regions and be content with the fact that one region at Jeast
can always be chosen so that its first return map is a rota-
tion. The coding when $'> 1 is also described in Ref. 16.

The symbolic approach to renormalization in dynam-
ical systems introduced in Ref. 6 now extends to arbitrary
dimension, although we do not know how to generalize the
block structure of sequences described in Sec. V. However,
the codes do allow us to write automatically the formulas
for the renormalized maps. As an example, consider a code
beginning abbea..., and denote by F, the restriction of the
rotation to the coding region x. Then the return map to the
region a, in the domain where the code begins as above,
reads F,oF ,0F ,0F, 1t is easy to show that there are only
finitely many different such formulas for each rotation in
any dimension.

Figure 5 shows the main geometric constructions al-
lowing us to construct the coding regions when M is the
unit matrix, with the same ¢ =2, b =3, ¢ = 5 used previ-
ously in Fig. 3 to illustrate the construction of even color-
ings. There the vector A is one of the rotation vectors, the
other ones being B and C. The vector D joins a point fo its
closest neighbor on its own orbit. Figure 5 also shows how
every fundamental region of the corresponding rotation on
the torus splits according to the various codes defined up to
a shift. The three coding regions in Fig. 5 are, respectively,
homotopic to the elements (1,0), (0,1), and (1,1) of
,(T?). Regions corresponding to the triple [(m,n),(p.¢),
(m + p,n + ¢)] can be realized if and only if the matrix

Main geometric constructions

a=2
b=3
c=5
Any of these »
lines is parallel
AN
to A, B, CorD, \\ & For the
~ Y corresponding
N codes, see
A3 AN N Figure 3.
[oD!
[elst =
= N

Tiling of a fundamental ™ A
region by codes.

FIG., 5. Construction of the coding regions when A4 is the unit matrix. A
tiling of a fundamental region by codes is also showmn: This tiling only
makes sense in the case of a vector with rational coordinates.

e i LM

such matrix yields a different relationship between the
codes and the rotation vectors. For rotations in dimension
n> 2, Gl(n,Z) similarly classifies the splittings in {(# + 1)
coding regions.

(m 1;7\ is in GI(2,Z). Examples are given in Fig. 6. Each

FIG. 6, Examples of coding regions for the case of two nontrivial matri-
ces.
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There are many consequences to these simple consid-
erations being worked out: mainly relations with the theory
of simultaneous Diophantine approximations, coding and
renormalization of homeomorphisms and diffeomorphisms
including Denjoy theory'” in arbitrary dimension. Precise
(in the sense of mathematical) statements and proofs, in-
cluding detalis of the material presented here, will appear
in Ref. 16.

A priori quite different coding methods and tilings of
the plane have been developed by Rauzy'® and indepen-
dently by Thurston;'® these results also have a flavor of
renormalization group theory.
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